The discrete states in the c = 1 string are shown to be the physical states of a certain topological sigma model. We define a set of new fields directly from c = 1 variables, in terms of which the BRST charge and energy-momentum tensor are rewritten as those of the topological sigma model. Remarkably, ground ring generator x turns out to be a coordinate of the sigma model. All of the discrete states realize a graded ring which contains ground ring as a subset.
Introduction
The existence of so called unbroken phase in string theory was conjectured some time ago. Such a phase is naturally expected to be described by an appropriate topological field theory [1, 2] .
Even in the conventional formulation one might suspect there is some remnant of the topological degrees of freedom. Since there is no transverse degree of freedom, two dimensional string theory is a good place to look for such things. Actually we already know the physical spectrum of the theory [3, 4] . There are infinite numbers of discrete states which are fairly different from ordinary particle modes. One may naturally bear an idea that the discrete states are the very remnant of topological degrees of freedom we are seeking for.
One of the encouraging hints follows from the gauge theory in four dimension. Let us consider, for instance, the Gupta-Bleuler quantization of free electromagnetic field. In this formulation, physical state is defined by the condition (∂ µ A µ ) (+) |phys = 0, where (+) stands for the positive frequency part of the operator. This restricts physical polarization to the transverse directions for the generic case of momentum eigenstates. For the vanishing four momentum case, however, there is no restriction on the polarization. Thus we have "discrete states" for the longitudinal and scalar modes. The same kind of states also appear at level 1 in the critical string. Remarkable thing here is that such constant degrees of freedom are responsible for the masslessness of all the components of gauge field.
Because in this covariant gauge there still remains a global symmetry δA µ = a µ , where a µ is an arbitrary constant vector, but the vacuum breaks the symmetry with A µ = 0 and corresponding Nambu-Goldstone modes are nothing but four components of the gauge field itself [5, 6] . This mechanism was applied to non-abelian case to try to explain the confinement phase as an unbroken phase of a special gauge symmetry [7] .
The above example suggests that the discrete states in the c = 1 string are relevant to the phases in string theory in an analogous way. For example, ghost number 1 one discrete states in relative cohomology are characterized as Fock states which are simultaneously singular and cosingular vectors with respect to the matter part of the Virasoro algebra. This implies that we have similar kind of states also in higher dimensional string including the critical one.
Of course, in higher dimensional case they are buried in the mass shell, i.e., usual particle modes with particular momenta. But we may consider conversely that such siblings of the discrete states determine the mass shell that possible particle modes belong to. Actually
Lorentz invariance and the existence of a particular state on a certain mass shell are enough to show the existence of a particle on that shell. In two dimensional or c = 1 case, only a massless "tachyon" is a particle mode so that the role of the discrete states in unbroken phase may be rather clear if any. For the c = 1 string, level of discrete states is not restricted to 1 as in the critical case but extends over all the positive integers. Higher level states have non-vanishing momenta and have not been given a similar interpretation as done for the level 1 or vector field case. We need a more unified view of the discrete states if we consider them as a clue to the phases in string theory. Anyway, it is desired to understand the discrete states from such a viewpoint, and the present paper is, hopefully, the first step toward this end.
In this paper we will show that the discrete states in the c = 1 string are understood as physical states of a certain topological model. Starting from the c = 1 string we define new fields in terms of which we can rewrite the BRST charge of the string theory as that of the topological sigma model. There, notably enough, the ground ring generator [8] x plays a role of scalar field of the sigma model (or we should call it a coordinate of a kind of topological string). This relationship is in the operator level not merely in the level of amplitudes as is in c < 1 string [9] . And all the discrete states are reconstructed through the BRST cohomology of the topological model. They naturally realize a graded ring which contains ground ring as a subset.
It has been argued by several groups that the c = 1 string can be regarded as a topological model, e.g., topological sigma model [10] , twisted SL(2, R)/U(1) model [11] and [12] . However, the previous attempts were based on comparison of the physical spectrum for topological models with that for the c = 1 string. It was not clear why the physical spectrum of strings was reproduced from topological models. Our approach is more direct in contrast to these. The c = 1 string can be viewed as a 'bosonization' of the topological sigma model 2 , and the coincidence of the physical spectrums for both models is immediate. Although an interpretation of x as a coordinate of a certain three dimensional cone was given in ref. [8] , topological field theoretic nature was not clear in that 2 The observation that string theory can be regarded as bosonization of a topological model was also obtained in ref. [13] for the case of c = −2 matter and theĉ = 1 fermionic case.
time. We emphasize here that the x is directly shown to be a coordinate of a topological sigma model. This point is also a difference from ref. [10] in which the author started from a topological model given a priori and tried to describe only a matter part of the c = 1 theory.
In this sense, our observation may be a good starting point toward the direct understanding of the unbroken phase in terms of the field theory on the world sheet. Namely, unbroken phase is described by a topological sigma model and broken phase done by conventional string theory. Alternatively, several backgrounds of strings emerging in the broken phase are governed by a topological model which is possibly related to the unbroken phase. This paper is organized as follows. In the subsequent section, from the fields of the c = 1 string we define new fields such as gauge ghost and anti-ghost with dimension 0 and 1 respectively and a pair of scalar fields which become ingredients of topological sigma model.
In use of the definition of these fields, the BRST charge and the energy-momentum tensor of the c = 1 string surprisingly turn out to be those of a topological model. In a sense, the c = 1 string is a 'bosonization' of a topological sigma model. The Lagrangian and gauge fixing of corresponding topological sigma model is discussed in section 3. In section 4 we will show how to understand the discrete state spectrum from the topological theoretic point of view. All the discrete states in the c = 1 string are reproduced by taking into account both the picture-changed and dual sectors of the topological sigma model. The final section is devoted to the discussion.
Topological description of the c = 1 string
We begin with rewriting the c = 1 string in terms of a topological model. The c = 1 string is a model which has a two-dimensional target space with the linear dilaton background. The energy-momentum tensor of the model takes the form
where X and φ are string coordinates, free bosons with positive signature, while b and c are the diffeomorphism ghosts. In the context of non-critical string, X and φ represent c = 1 matter and the Liouville field respectively. The BRST operator, which governs the physical 3 We consider the left moving part only. spectrum of the model, reads
Physical states of the c = 1 string are obtained as cohomology with respect to this BRST operator.
Now, we introduce the following set of fields
where X ± means the light-cone combination of the string coordinates
The dimension of these operators is 0 for C + and x, and 1 for B + andp + , respectively.
Operator product expansions (OPE) among them are
The OPE of other combinations are regular. Mutual statistics is therefore fermionic for B + , C + and bosonic for x,p + . Note that C + and x are physical operators, in particular x is one of the ground ring generators [8] , whereas B + andp + are not physical.
We use these fields to rewrite the c = 1 string into a topological model; the former can be viewed as a 'bosonization' of the latter. The point is that the field contents of B + , C + , x andp + are almost the same as those of a topological model which we discuss in the next section. Actually, we can regard this system as a topological sigma model with a pair of complex scalar x,x and gauge ghosts B, C. Necessary identification is
One can consider the c = 1 string as a realization of the system of fields B, C, x andp = −∂x through a bosonization (2.3). This observation is supported by the following facts.
First, the SL(2, C) vacuum of the c = 1 string works as the vacuum of the topological sigma model. This can be seen by introducing the mode expansion of the operators:
These modes act on an operator O(z) as, for example,
where the contour is taken to be encircling the point w. Acting these modes on the SL (2, C) vacuum, or equivalently the unit field 1(z), we obtain
Gauge ghosts, which have dimension 1 and 0, complex scalar and its derivative act properly on the vacuum as they should.
Second, making use of the definition (2.3), the energy-momentum tensor of the c = 1 string turns into that of the topological sigma model. It can be shown that
where the composite operators, ∂xp + and B + ∂C + , are defined as the finite part in operator product expansion
By the identification (2.7) mentioned before, one can easily recognize that the last expression is the energy-momentum tensor of the topological sigma model
Third, and most importantly, the BRST operators of both models are also translated into each other. The BRST current of the c = 1 string gives rise to that of the topological sigma model
Total derivative term in the right hand side vanishes upon integration. Thereby we come to an astonishing result, i.e., BRST operator (2.2) of the c = 1 string is rewritten as that of the topological sigma model
Thus, we have seen the correspondence of the energy-momentum tensor and the BRST operator in both models, which govern physical contents of the model. This fact suggests a close relationship between the c = 1 string and the topological sigma model. In a sense, the c = 1 string embodies the topological sigma model as a kind of bosonization of fields.
Indeed, as we shall show in the later section, the physical spectrum of the c = 1 string, in particular the discrete states, can be characterized as that of the topological model.
Before going into detail, we should remark the N = 2 superconformal structure in the c = 1 string. As is well-known, the topological sigma model admits a twisted N = 2 algebra, the generators of which are
Note that one of the supercurrents G + is nothing but the BRST current and the N = 2 current J is the ghost number current. Since we can consider these fields as that of the c = 1 string through a bosonization (2.3), there is also a twisted N = 2 algebra in the c = 1 string.
Using the explicit form (2.3) of the fields, the N = 2 generators in the c = 1 string read
This time, the supercurrent G + is not the BRST current itself but modified with total derivative terms. Clearly, these terms vanish upon integration and Q = G + .
We have shown that the existence of the twisted N = 2 superconformal algebra (SCA) in the c = 1 string follows from the fact that the c = 1 model can be viewed as a bosonization of the topological sigma model in which the N = 2 SCA is manifest. In addition to this, we can show there also exist a series of twisted N = 2 SCA, with the BRST current as G + , in the c = 1 string. The essential point is that we can modify G + (2.16) in the topological sigma model by a total derivative term ∂(Cx) to yield a series of twisted N = 2 SCA's, the generators of which are
where the parameter λ is related to the central charge c of the untwisted algebra
Of course, we have the counterpart of these N = 2 SCA in the c = 1 string and one obtains the following result
(2.20)
The previous case corresponds to λ = 0 and has the untwisted central charge c = 3. Since we modify G + by a total derivative term, the BRST operator is again obtained as G + . This modification, which is necessary in order to form the N = 2 algebra, of the BRST current is essentially the same one as recently reported, λ = −1 corresponds to that in ref. [14] while λ = 1 does ref. [11] .
So far, we consider the topological model consisting of B + , C + , x andp + . In the c = 1 string, however, there exists another realization of the topological sigma model, the fundamental fields of which take the following form;
Again, y is one of the ground ring generators. It is evident that the argument for the '+'-fields is equally applied to these '−'-fields.
Topological sigma model
In this section we construct a topological sigma model which reproduces BRST charge and energy-momentum tensor appeared in the previous section.
The basic fields of our model are complex scalar x(z,z) andx(z,z), and Lagrangian is taken to be L 0 = 0. Apparently this theory has a gauge symmetry δx = , δx =¯ .
Physical contents of topological field theory are encoded in the gauge fixing of the symmetry.
According to the standard procedure [15] we introduce a pair of ghost C,C, anti-ghost B, B and Nakanishi-Lautrup field λ,λ, and define nilpotent BRST transformation:
where we omit a Grassmann parameter of the transformation. Then the gauge fixing term of the Lagrangian is given by the BRST transform which depends on the gauge choice. We adopt the following gauge fixed Lagrangian:
After integrating out λ andλ, we get
By utilizing the equations of motion, we can separate left mover and right mover of the
Then we obtain the energy-momentum tensor and BRST charge for each sector
These operators are what appeared in the previous section in rewriting the c = 1 string. So, we can say that this topological sigma model accounts for the physical contents of the c = 1
string. More precisely, it is the p = 0 sector, where p is the momentum conjugate tox, of this model that corresponds to the c = 1 string, because there is no log z term in the mode
The Lagrangian (3.3) was considered in a foresighted paper [1] as a candidate of topological string. At that time only a vacuum was recognized as a physical state. But more careful analysis shows that there is a set of zero modes, being physical, which gives rich structure to the theory. Also this is an essential point to relate the theory with the conventional string formulation. Reconstructing physical states of the c = 1 string from the view point of the topological theory will be given in the next section.
Discrete states as physical states of a topological model
In this section, we study the physical states of the c = 1 string in the light of the topological sigma model. As is well-known [3, 4] , the c = 1 physical spectrum consists of a massless propagating degree of freedom, so-called tachyon, and the discrete states which appear at the special value of momenta. We restrict our attention to the discrete states and the discrete tachyon; tachyon states with momentum multiple of 1/ √ 2 in the X direction.
This choice corresponds to the self-dual radius of X.
In the previous sections, we have shown that the c = 1 string can be regarded as a bosonization of the topological sigma model. The energy-momentum tensor and the BRST operator of the topological sigma model turn into those of the c = 1 string. Therefore, one can naturally expect that the physical spectrum of the c = 1 string can be understood as that of the topological model. As we shall see, this is the case.
We first examine the physical spectrum of the topological sigma model which consists of the following fields
where n takes integer value. The commutation relations among them are
These modes act on the vacuum |0 as
3)
The Fock space F 0 of the topological model is constructed on this vacuum by applying the creation modes.
Physical states in this Fock space is defined as cohomology of the BRST operator
From eq.(4.3), one can see that the vacuum |0 is annihilated by this BRST operator, Q|0 = 0. Hence, the vacuum is physical, and the physical spectrum is built on it by applying physical modes. So, we need to know which mode becomes physical, or how the modes In order to answer this question, let us remember that a bosonized model provides us with much larger Fock space than the original one has. We can realize several representations with distinct vacua within this enlarged Fock space. Since the c = 1 string is a bosonization for the topological sigma model, the c = 1 Fock space also admits representations other than we already considered, e.g., picture-changed one. As we shall show in the following, it is this picture-changed representation that generates the rest of the physical states in the c = 1
string. So, we turn to the determination of the physical spectrum of the topological sigma model in the picture-changed sector.
The picture-changed Fock space F θ is constructed on the picture-changed vacuum |θ with bosonic and fermionic sea level shifted by θ B n |θ = 0 for n ≥ θ ,
The BRST operator Q (4.4) acts on this vacuum as
The vacuum |θ is not physical unless θ = 0, i.e., the canonical sector which we treated before. However, if we saturate this vacuum with C −θ , we obtain a physical state
This state is a picture-changed analogue of the 'up' vacuum in the fermionic BC-system and we denote it as |θ, ↑ = C −θ |θ . One can construct the physical spectrum in the picturechanged sector by applying the physical modes on this 'up' vacuum |θ, ↑ .
The structure of the spectrum changes drastically whether θ is an integer or not. As was noticed in the last paragraph, 1 θ is not physical except θ = 0. Physical ground state, the 'up' vacuum |θ, ↑ = C −θ |θ , gives rise to We explain this structure of the c = 1 spectrum with some concrete examples.
the case of θ = 1
The physical ground state is realized by one of the discrete tachyon
Low level states B 0 |θ = 1, ↑ and x 0 |θ = 1, ↑ turn into 
The former belongs to the discrete tachyon while the latter corresponds to its counterpart in the absolute cohomology.
the case of θ = −2
The θ = −1 case is, in a sense, exceptional, since its Fock space is embedded entirely within the tachyon shell. Typical case for negative θ starts from θ = −2.
Physical ground state is a discrete tachyon We can apply the same argument to other sectors with negative θ; physical states (p 0 ) n |θ, ↑ and C 0 (p 0 ) n |θ, ↑ in the topological sigma model turn into the c = 1 discrete operators with bc-ghost number 1 and 2, respectively.
We have seen that the physical states of the topological sigma model, together with its picture-changed sector, turn into the c = 1 discrete states. It is summarized in Fig.2 These are just what we are seeking for. The physical spectrum (4.15) together with its dual (4.24) has the same multiplicity at each momentum as the discrete states (See Fig.2(b) ).
Since they are physical and mutually independent, we can conclude that they reproduce all the discrete states of the c = 1 string in the absolute cohomology. We confirm this fact by examining the explicit form of the dual operators (4.24) for several θ. . We obtain all the discrete tachyons on the tachyon shell exp(inX + + iX − ) considering both sectors; θ = −1 and its dual.
the case of dual to θ=0
As the final example, we take the case of θ = 0, which has the same momentum as the In fact, we can show that y 0 maps the physical operators in the θ sector to those in the θ + 1 sector. By straightforward calculation, one obtains 
for those with negative Liouville momentum.
Discussions
We have shown that the BRST operators and the energy-momentum tensor of the An important problem is to clarify a nature of the topological sigma model which accounts for the discrete states in the c = 1 string.
As is well-known, the c = 1 string has a rich structure which is realized by the discrete states with several ghost numbers. The discrete operators with ghost number 0 form the ground ring [8] generated by two operators x and y, while those with ghost number 1 are related to the w ∞ -currents [17] . The latter acts on the ground ring as an area-preserving diffeomorphism of the xy-plane [8] . Lastly, we comment on the relation of the topological sigma model to the vacuum of string theories. At the beginning of this paper, we argued that the 'discrete state' in the critical string can be viewed as carrying information about the background geometry of strings. Since our topological model organizes all the discrete states in the c = 1 string, it is expected that the topological sigma model is also related to the background of strings. In fact, appearance of discrete states is not restricted to the c = 1 case but common feature in string theories with two-dimensional target space, e.g., black hole [18] and N = 1 fermionic case [19] . It may be possible that discrete states in these cases are also governed by a topological model.
If we can identify these topological models for several backgrounds with that for the c = 1 string, our topological model is, in a sense, universal, and could be regarded as parametrizing the background of two-dimensional string theories. The (second-quantized) wave function of the topological sigma model may play an important role in such a description of strings. The horizontal axis represents momentum conjugate to X + and the vertical axis does bcghost number. 
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